
ON EQUITY-LINKED ANNUITIES

Long-term equity-linked options are frequently sold by life insurers 
as a part of variable annuity offerings. Traditional methods 
for the valuation of these embedded options use simplifying 
assumptions, which may lead to large price errors. In this article, 
Alexander van Haastrecht considers a novel market-consistent 
framework for the risk management of variable annuities, which is 
able to capture the involved market risks in a more realistic way.
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1. Background

Long-dated embedded options in the 
terms of their products. One of the 
most well-known embedded options is 
the Guaranteed Annuity Option (GAO), 
which provides the right to convert a 
policyholder's accumulated funds to a 
life annuity at a fixed rate when the policy 
matures. These options were a common 
feature in retirement savings contracts 
issued in the 1970's and 1980's in the 
UK. Due to the high interest rates at 
that time, the GAOs were far out of the 
money. However, as the interest rate levels 
decreased in the 1990's and the (expected) 
mortality rates improved, the value of 
the GAOs increased rapidly and amongst 
others led to the downfall of Equitable 
Life in 2000. Currently, similar options are 
frequently being sold as feature of variable 
annuity offerings. 

Market consistent valuation of insurance 
liabilities is the most important corner 
stone of IFRS 4 Phase 2 and Solvency 2. 
To date, much attention has been drawn 
to the valuation of embedded options 
depending on interest rates or equity. 

Many variable annuity contracts, however, 
depend on the joint stochastic evolution of 
equity and interest rates. These products 
therefore require a realistic calibration of 
equity markets, stochastic interest rates 
and a suitable correlation coefficient 
between the interest rates and equity 
returns. Moreover, to avoid repeated time-
consuming calculations, the availability of 
closed-form formulas is a big advantage 
for any model. 

Existing models currently fail in one or 
more of the above requirements. Here, 
we discuss a novel pricing framework 
that is able to incorporate all of the above 
requirements. The setup of this article is 
as follows. In the following paragraph we 
consider existing models and their biggest 
disadvantages for the pricing of variable 
annuities. In paragraph 3 we describe 
a novel framework that has practical 
advantages compared to the other models. 
Paragraph 4 discusses the calibration of 
the model and in paragraph 5 we apply 
this framework the pricing of GAOs. Finally 
paragraph 6 concludes.

2. Existing models

The last decade the pricing and risk management of variable annuities has been 
considered by many authors. In most papers, the focus is on unit linked deferred annuity 
contracts purchased originally by a single premium. Generally a standard geometric 
Brownian motion is assumed for equity prices. 
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3. Stochastic Volatility Extension

The assumption of geometric Brownian 
motion for equity prices, though technically 
very convenient, does not find its 
justification in the financial markets. In fact, 
the markets for long-term options exhibit 
a strong volatility skew or smile, implying 
log index returns deviating from normality 
and suggesting the use of heavier tailed 
distributions.  For the pricing of long-dated 
variable annuities, Ballotta and Haberman 
(2003) and Chu and Kwok (2007) noted 
that, given the long maturities of variable 
annuities, a stochastic volatility model for 
equity prices would be more suitable. 

Using a model with stochastic volatility 
allows for a more realistic modeling of 
equity prices. For instance, the parameters 
of a stochastic volatility model allow for 
a highly flexible calibration to market 
prices of similar equity and interest 
rates options. As the value of embedded 
options is expressed relative to market 
option prices within MCEV and Solvency 
2, the calibration quality of the model is 
very important for a proper valuation (and 
hedging) of these insurance contracts, see 
Section 4 and 5. 

dS(t) = r(t) dt + v(t) dWS(t)
dv(t) = k [θ  – v(t)]dt + τ dWv(t)
dr(t) = [φ(t) –  a r(t)]dt + σ dWr(t)

The model used in this article is the Schöbel-Zhu Hull-White (SZHW) model. This 
framework combines the stochastic volatility model of Schöbel and Zhu with the one-
factor interest rate model of Hull and White, hereby explicitly taking the correlation 
between all underlying assets into account. The risk-neutral dynamics for equity price 
process S(t) are given by: 

Here v(t) represents the (instantaneous) 
stochastic volatility of the equity S (t) 
and follows a mean reverting Ornstein-
Uhlenbeck process. The stochastic interest 
rates are given by an Hull-White process 
for r(t) which is calibrated to the current 
term structure of interest rates using φ(t). 

The parameters of the volatility process 
are k (mean reversion), v(0) (short-term 
volatility),  θ (long-term volatility) and τ 
(volatility of the volatility). Note that the 
deterministic volatility Black-Scholes-
Hull-White (BSHW) model can easily be 
obtained as special case. 
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The SZHW model preserves much of the analytical tractability that is available for constant 
volatility models. For instance, the European call option price C(K,T) with strike K and 
maturity T can be computed in closed-form using the following formula:

where P(t,T) denotes the market risk-
neutral discount factor at time t for maturity 
T and φ(s)  the characteristic function of 
log-asset price. Note that this formula can 
be evaluated fast and accurately using 
basic numerical integration techniques. 
This is a big advantage as it enables for 
fast calibrations to liquidly traded options 
and accurate sensitivity analyses for 
potential hedges. 

Finally, we note that efficient Monte Carlo 
simulation methods are available for the 
SZHW model. Hence the model can also 
be used for the pricing of more complex 
path-dependent insurance products such 
as specific rate-of-return or funding ratio 
guarantees.

 “ For the valuation of long-dated variable 
annuities it is important to consider realistic, 
heavy-tailed returns for equity funds in 
combination with a full correlation structure with 
the underlying interest rates”
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4. Calibration

To analyse the impact of stochastic 
volatility (see Section 5), we first calibrate 
the BSHW and SZHW model to the same 
market’s option data per end July 2007. 
This is done by first calibrating the interest 
rate parameters to 168 market prices of 
swaptions. The mean average price error 
is 1.34%, which is very good given the 
large set of option prices that are fitted 
using only 2 interest rate parameters. 
Using time-series analysis, we estimated 
an effective correlation of 34.7% between 

long-term interest rates and EuroStoxx50 
log-returns of. Finally, we calibrated the 
equity model to market call and put option 
prices by minimizing the sum of absolute 
differences between market and model 
implied volatilities. 

We have visualized the calibration results 
in Figure 1, where we have plotted the risk-
neutral densities of the log-asset price of 
the SZHW and BSHW model for a 10-year 
maturity. 
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Figure 1: Log-densities of market option prices compared to the calibrated stochastic 
volatility (SZHW) model and deterministic volatility (BSHW) model.

This figure shows that stochastic volatility 
model is significantly better in calibrating 
the market’s implied volatility structure; 
the SZHW model gives an extremely good 
fit, whilst the fit of the BSHW model is 
relatively poor. Clearly, the SZHW model 
incorporates the skewness and heavy-

tails seen in option markets a lot more 
realistically than the BSHW model. The 
effects of these asset price distributions 
on the prices of variable, combined with 
correlated stochastic interest rates, are 
analyzed in the following section.
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The proof of the pudding is in the eating, hence we compare the impact of a stochastic 
volatility model to the pricing of a Guaranteed Annuity Options (GAOs). More specifically, 
a GAO gives the holder the right to receive at his/her retirement date either a cash 
payment equal to the investment in the equity fund S(T) or a life annuity of this 
investment against the guaranteed rate g. A rational policy holder would choose the 
greater of the two assets. In other words, if at inception, the policy holder is aged x and 
the normal retirement date is at time  , then the annuity value at maturity is S(T) + H(T) , 
with GAO payoff H(T) equal to

5. Impact of Stochastic Volatility for 
 Guaranteed Annuity Options

In the considered example, the policyholder 
is a male aged 55, the retirement age is 
65, giving the maturity of the GAO option 
of 10 years. The survival rates are based 
on the PNMA00 table of the Continuous 
Mortality Investigation (CMI) for male 
pensioners. The prices are given for 
different guaranteed rates g. In the 1970s 
and 1980s was around 11%. Currently, 
the GMIB contracts will be based on at-

the-money guaranteed conversion rates. 
Note that the payoff of the GAO hence 
depends on both the future term structure 
of interest rates, which determines the 
value of the guaranteed payment, as well 
as the performance of the equity fund, 
which effectively determines the level of 
the annuity. This is typical for long-dated 
variable annuities, which often depend on 
multiple underlying assets.

For both the BSHW as SZHW closed-form expressions can be derived for GAOs. That is, 
conditional on survival of the policyholder the GAO prices are given by sum of modified 
Black-Scholes formulas

 “variable annuity prices and hedges are 
significantly underestimated if one ignores 
skewness and kurtosis of equity prices”
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5. Impact of Stochastic Volatility for 
 Guaranteed Annuity Options

where N(z) denotes the cumulative normal distribution. Using the above expression, we 
have computed GAO prices for both the deterministic and stochastic volatility model.  
The results can be found in Table 1 below.

From the results we can see that the 
prices for GAO are significantly higher if 
one uses a deterministic volatility model 
for equity prices, especially for GAOS 
with out-of-the-money strikes. Note that 
these price differences are not caused 
by a volatility effect as both models are 
calibrated to the same market data in 
Section 4. Nonetheless the distribution 
of equity prices under a SZHW process 
does capture the skewness of equity 
prices more accurately, as can be shown 
in Figure 1. 

This means that equity prices using a 
stochastic volatility model have a heavier 
left tail and relatively more mass on 
the right of the distribution compared 

to the BSHW process. Given a positive 
correlation between equity prices and 
interest rates, and the fact that the GAO 
pays off when interest rates are low, this 
means that for the SZHW model there will 
be some very low payoffs for equity prices 
in the left tail, but relatively higher payoffs 
for the remaining scenarios. 

The results indicate that variable annuity 
prices and hedges are significantly 
underestimated if one ignores skewness 
and kurtosis of equity prices. A stochastic 
volatility model produces more realistic 
prices and hedges for equity-linked 
annuities and is able to capture the shape 
of risk-neutral equity price distributions in 
a suitable way.

Guaranteed 
Rate

Stochastic 
Volatility

Constant 
Volatility

Relative
Difference

8.23% 3.82 3.07 + 24.5%

7% 0.59 0.39 + 50.7%

8% 2.89 2.26 + 28.0%

9% 8.40 7.25 + 15.8%

10% 17.02 15.53 + 9.6%

11% 27.37 25.69 + 6.5%

12% 38.30 36.47 + 5.0%

13% 49.35 47.37 + 4.2%

Table 1: Impact on Equity-Linked Annuities prices (GAOs) with a stochastic volatility 
model for equity prices; The at-the-money guaranteed rate is equal to 8.23% and the 
effective correlation between the stock price and interest rates equals 34.7%.
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For the valuation of long-dated variable annuities it is important to consider realistic, 
heavy-tailed returns for equity funds in combination with a full correlation structure with 
the underlying interest rates. We demonstrated that the SZHW stochastic volatility model 
is able incorporate all these characteristics in a suitable way and also allows closed-
form calibration methods. Using market option data, we investigated the impact of a 
stochastic volatility model on the pricing of Guaranteed Annuity Options. The empirical 
test cases indicate that ignoring a model with stochastic volatility may lead to significant 
errors for the valuation of embedded options. These results are of particular importance 
for life insurers working on the pricing or hedging of their variable annuity portfolio.
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